
Physics of Quantum Information exam (2 hours 45)

Master 2 QLMN

02 December 2022 (09:00 - 11:45)

Allowed documents : lecture notes and problem sets. Calculators allowed.

Aux francophones (et francographes) : Vous pouvez répondre en français.

The exam consists of two independent parts :

1. General independent questions about the course ;

2. A problem on the coupling of an atom to a continuum with a variable width.

1 General questions about the course

1. Represent on the Bloch sphere a Rabi oscillation at resonance, around the x̂ axis,
for a qubit initially in |0〉 (north pole of the Bloch sphere).

2. Consider a qubit driven by a wave with Rabi frequency Ω and a detuning ∆ with
respect to the qubit transition.

(a) What are the coordinates of the effective field Ω in the Bloch sphere repre-
sentation ?

(b) Consider the case |∆| = Ω : show that if the qubit is initially in |0〉, it is
possible to prepare the state (|0〉+ |1〉)/

√
2.

(c) What should be the duration T of application of the wave for this prepara-
tion ?

3. Consider a two-level atom (states |g〉 and |e〉) driven by a resonant laser with Rabi
frequency Ω. The linewidth of the excited state |e〉 is Γ. We consider the case
Ω� Γ. Use the stochastic wave function picture to explain why the steady-state
coherence ρeg is nearly zero, and therefore the average dipole is zero.

4. Consider two coupled systems S and E in the state

|Ψ〉SE =
1

2
|0〉S ⊗

(
|0〉+ |1〉

)
E

+
1√
2
|1〉S ⊗ |0〉E .

(a) Is this vector state normalized ?

(b) Is it an entangled state ?

(c) Calculate the density operator of S.

1



5. Consider 3 qubits A, B and C. They can be prepared either in |W〉 = (|100〉 +
|010〉+ |001〉)/

√
3 or in |GHZ〉 = (|000〉+ |111〉)/

√
2. We want to tell which one is

more entangled, using the entanglement entropy criterion. To do so, we split the
system in a bi-partition A and (B+C)

(a) Give a basis describing the (B+C) system.

(b) Calculate the density operator of the qubit A for both the W and GHZ states.

(c) Calculate the von Neumann entanglement entropies SW and SGHZ of A for
both the W and GHZ states.

(d) Conclude on which of the two states is the most entangled.

6. Consider an experimental situation analogous to the one of Lecture 5 : A two-level
atom crosses a cavity, which is initially empty. We will consider here the cavity
as the measuring device and the atom as the object to be measured. We set the
atom-cavity interaction time so that if the atom is initially in state |e〉 and the
cavity initially empty |n = 0〉, their state becomes (|e, 0〉 − i |g, 1〉)/

√
2 after the

atom has crossed the cavity.

(a) If the atom-cavity state is initially |g, 0〉, what is the state after the atom has
crossed the cavity ?

(b) Calculate the Kraus operator M̂0 acting on the atom corresponding to the
cavity being empty after the atom has crossed the cavity.

(c) Same question for M̂1 corresponding to the cavity containing 1 photon after
the atom has crossed the cavity.

(d) Check that the condition M̂ †
0M̂0 + M̂ †

1M̂1 = 1 is fulfilled.

7. Consider an atomic qubit carried by a single 87Rb atom, laser-cooled and trapped
in an optical tweezer. The qubit states are |0〉 and |1〉. The atom is driven by
a laser resonant with the qubit frequency and with a Rabi frequency Ω. The
experimentalists measure the Rabi oscillation for an atom initially in |0〉 and obtain
the curve shown in the figure ??.SYLVAIN DE LÉSÉLEUC et al. PHYSICAL REVIEW A 97, 053803 (2018)

FIG. 1. A typical Rabi oscillation between the ground-state |g〉
and the Rydberg state |r〉 (with n = 62) when all the parameters are
optimized on the experiment. The solid line is a fit by a damped sine.

This results in a coherent coupling with an effective Rabi
frequency ! = !r!b/(2") between |g〉 and a single Rydberg
Zeeman state |r〉 = |nD3/2,mJ = 3/2〉. With this choice of
laser polarizations, we avoid the off-resonant coupling to
other Zeeman states, which would lead to dephasing. To
vary !, we tune !r (by varying the 795-nm laser power)
and keep !b maximized. The latter depends on the principal
quantum number and, using Autler-Townes spectroscopy [37],
we measured !b/(2π ) = 34.8(5) × (n$/60)−3/2 MHz with
the effective principal quantum number of n$ = n − δ0, where
δ0 $ 1.35 is the quantum defect of 87Rb D3/2 states.

Finally, after this excitation time τ , which takes up to a few
microseconds, we switch on the tweezers again. An atom in
|g〉 is recaptured with high efficiency (see below), whereas an
atom in |r〉 is repelled by the tweezers and thus lost. We then
take a second fluorescence image to check for the presence of
the atom. Repeating this sequence (typically 100–200 times)
allows us to reconstruct the recapture probability that we
denote Pg as, to a first approximation, it gives the population
of |g〉. The inferred Rydberg excitation probability is denoted
as Pr = 1 − Pg .

II. STATE PREPARATION AND DETECTION ERRORS

Even if the excitation process of an atom in |g〉 to the
Rydberg state |r〉 was perfect, the measured recapture prob-

FIG. 2. (a) The excitation setup. The tweezers has a 1/e2 radius
of 1.1 µm, and the blue and red beams have elliptical cross sections
with waists (wx,wy) = 24 × 50 and (wx,wz) = 50 × 200 µm2, re-
spectively. (b) Relevant levels involved in the Rydberg excitation (see
the text).

FIG. 3. Effect of small but finite values of (ε,ε′,η) =
(0.05,0.08,0.03) on the measured probability Pr (solid line) assuming
a perfect Rabi oscillation P̃r (dashed line). The values of SPAM
errors are chosen larger than in the experiment to easily visualize
their effects.

ability would not show perfectly contrasted oscillations due to
state preparation and measurement (SPAM) errors. We identify
three different components: (a) the finite efficiency of the
optical pumping leading to a preparation error with probability
η, (b) the “false positive” errors in the Rydberg detection as
we have a probability ε = P (r|g) to incorrectly infer that a
ground-state atom was in |r〉 because it was lost, e.g., due to
background-gas collisions, and (c) the “false negative” errors
with a probability ε′ = P (g|r) to recapture a Rydberg atom
which has quickly decayed back to the ground state.

We denote by P̃g and P̃r the actual population of states |g〉
and |r〉 due to the evolution of the system under the excitation
laser, possibly in the presence of the damping and dephasing
mechanisms to be discussed in Sec. III. Due to the nonzero
values of (η,ε,ε′), the measured probabilities of recapture Pg

and of loss Pr are slightly altered and become

Pg = η(1 − ε) + (1 − η)(1 − ε)[P̃g + ε′P̃r ], (1)

Pr = ηε + (1 − η)[εP̃g + (1 − ε′ + εε′)P̃r ]. (2)

It implies that, even if the “real” population P̃r undergoes a
perfect Rabi oscillation P̃r (t) = sin2(!τ/2), the measured one
Pr (t) has a finite contrast. Figure 3 illustrates the effect to
lowest order in (ε,ε′,η). In principle, one can invert the above
equations [38], e.g., using a maximum likelihood procedure,
to correct the measured populations for these errors and
recover the real populations even for many qubits [3]. In our
publications we however include these SPAM errors on the
theoretically calculated populations when comparing with data
[2,39]. In the following, we investigate in detail the causes of
those SPAM errors.

a. Efficiency of optical pumping. The optical pumping into
|g〉 is not entirely perfect, and we denote by η the probability
that after optical pumping, the atom is not in |g〉 but in
another Zeeman or hyperfine state of 5S1/2. Measurements
using microwave transitions between the two hyperfine levels
of 5S1/2 allow us to estimate an upper bound on the preparation
error η < 0.005.
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Figure 1 – Rabi oscillation measured on a single atom trapped in an optical tweezer.
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(a) Explain how the curve was measured in practice.

(b) Give without demonstration the probability P1(t) as a function of Ω and t.

(c) Give the value of the experimental Rabi frequency Ω/(2π) in MHz.

(d) In practice the detection of state |1〉 is imperfect : A qubit in |1〉 is actually
found in state |0〉 with probability ε. Calculate the measured probability P̃1

as a function of the true probability P1 and ε.

(e) Estimate ε from the figure.

2 Continuum of variable width. Application to the

Purcell effect

We consider a 2-level atom (state |g〉 and |e〉, transition frequency ω0) placed in
a cavity formed by two mirrors facing each other. One of the two mirrors is perfectly
reflecting, while the other mirror has a transmission coefficient T � 1 to allow for the
light to come out of the cavity : The cavity thus has a loss rate κ. The atom initially
in |e〉 can decay into |g〉 by populating the cavity modes k, with a rate Γc, which we
will calculate. The goal of the problem is to find the time evolution of the atomic state
depending on the ratio Γc/κ.

The Hamiltonian describing the problem in the quasi-resonant approximation is

Ĥ = −~ω0

2
σ̂z +

∑
k

~ωkâ†kâk +
∑
k

~gk
(
σ̂+âk + σ̂−â

†
k

)
, (1)

with ~gk = deg
√
~ωk/(ε0V ) and V the mode volume.

8. Explain briefly what the various terms in the Hamiltonian describe.

9. The cavity being initially empty, we consider as a basis to describe the problem
the states |e, 0〉 and {|g, 1k〉}k where 1k corresponds to one photon in the mode k.
Give the energy of the two states for gk = 0.

10. We write the atom-cavity state as

|ψ(t)〉 = ce(t)e
−iω0t

2 |e, 0〉+
∑
k

ck(t)e
−i(ωk−

ω0
2

)t |g, 1k〉 . (2)

Give the differential equations fulfilled by ce(t) and ck(t).

11. Integrating formally the equations for ċk [with ck(t = 0) = 0] and inserting them
into the equation for ċe, show that

ċe = −
∫ t

0

∑
k

g2
k e

i(ωk−ω0)(t′−t) ce(t
′) dt′ . (3)

12. We now assume that the frequencies ωk of the cavity modes are very close to each
other so as to form a quasi-continuum of width κ, and that they are distributed
according to the distribution

ρ(ωk) =
1

πκ

1

1 + (ωk − ω0)2/κ2
. (4)

3



This holds for a cavity tuned near the atomic resonance. We can then replace
∑

k

by
∫∞

0
dωkρ(ωk) in Eq. (??). For ω0 � κ, explain why gk can be approximated by

g0 = deg

√
ω0

~ε0V
. (5)

13. Using the formula ∫ ∞
−∞

dx
eixt

1 + x2/a2
= πae−at for t > 0 , (6)

show that

ċe(t) ≈ −
Γcκ

2

∫ t

0

ce(t
′) eκ(t′−t) dt′ , (7)

with Γc = 2g2
0/κ.

14. Assume first that κ � Γc and that we look at a time t � 1/κ. Explain that you
can take ce out of the integral. You may want to use a plot to estimate the width
of the integrant.

15. Show then that ce(t) ≈ e−Γct/2.

16. We now come back to the general case. Use Eq. (??) to calculate c̈e(t) and write
a second-order differential equation on ce. The solution for ce(0) = 1 is

ce(t) = e−
κt
2

[
cosh

κ′t

2
+
κ

κ′
sinh

κ′t

2

]
(8)

with κ′ = κ
√

1− 2Γc/κ.

17. Assume now that κ � Γc. Show that you recover the single-photon Rabi oscilla-
tions discussed in Lecture 2. Remember that cosh(ix) = cos x.

18. Plot |ce(t)|2 for κ� Γc.

19. Interpret the different behaviors of the system as a function of Γc/κ.

20. The spontaneous emission rate of a two-level atom in free space is given by Γ =
d2
egω

3
0/(3πε0~c3). Calculate the so-called Purcell factor F = Γc/Γ as a function of

λ = 2πc/ω0, V and the quality factor of the cavity Q = ω0/κ.

21. Modern single photon sources rely on quantum dots placed between Bragg mirrors.
The refraction index of the semi-conductor cavity containing the dots is n = 3.5,
and one must take the wavelength of the light in the medium in the expression of
the Purcell factor. Take λ = 900 nm in vacuum (i.e. when the photons have left
the cavity), V ≈ 10−19 cm3, Q = 2000. Calculate F .

22. Calculate the enhancement factor β = Γc/(Γc + Γ). Interpret its meaning and why
this configuration is interesting for a single photon source.
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