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Probably the cleanest two-level system, apart from the polarization of photons, is
a spin 1/2. The qubit encoding is then easy: |0〉 = |↓〉 and |1〉 = |↑〉. It can be the
spin of an electron or the one of a nucleus for which I = 1/2 such as 1H, 13C or 15N
for example. As any spin J is associated to a magnetic moment µ = γJ, it can be
manipulated using oscillating magnetic fields. For example, placing an electron spin in
a B = 1 T field yields a frequency between spin up and down of 2.8 GHz, and microwave
at this frequency can induce transitions from up to down. On the contrary, a proton in
the same field gives a transition frequency of 21 MHz, and can thus be manipulated by
radio-frequency (RF).

We will describe very briefly here two approaches to quantum computing using either
nuclear spins or electron spins.

1 Liquid nuclear magnetic resonance [1]

This approach was the first one considered for a practical implementation of quantum
computing and led to the first demonstration of the factorization of 15 by the Shor’s
algorithm in 1999. Today, it is no longer the leading approach but its role in the de-
velopment of experimental quantum computing was crucial, as it inspired all the other
approaches. The reason for that comes from the fact that Nuclear Magnetic Reso-
nance techniques have been developed intensively since 1950’s: in quantum computing
language, they amount to performing single and two-qubit gates, and to controlling de-
coherence through the dynamical decoupling techniques that we discussed in previous
lectures.

Principle of NMR quantum computing. A liquid contains molecules (often custom
designed but not always), examples of which are shown in Fig. 1(a). The solution is
placed in a high magnetic field, typically 10 T, in a cryostat at a Kelvin temperature
(Fig. 1b). The qubits are encoded on the spins of the nuclei, chosen so that I = 1/2.
The associated nuclear Bohr magneton is µN = e~/(2MN) = µB/1836 ≈ 7.6 MHz/T,
leading to a qubit frequency around 50 MHz depending on the Landé factor of the
nucleus considered.

Two choices are possible: either code the qubits on nuclei of different atoms, which
will then all have different magnetic moments as they have different Landé factors, or
code on nuclei of the same type of atom (e.g. 1H or 13C in an organic molecule). To
distinguish the qubits frequencies, we rely on the fact that the chemical environment of
each nucleus will be different depending on where it is placed in the molecule (chemical
shift). Examples of chemical shifts are given in the Table below, for typical molecules
placed in a 10 T magnetic field:
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342 Quantum computers: physical realization

n-spin molecules originally at temperature T such that p = (1−e−!E/kBT )/2, where !E
is the spin flip energy. This scheme does not have any exponential cost; the compres-
sion can be achieved using only a polynomial number of basic operations. However, it
is inefficient unless p is relatively small, and today p ≈ 0.4999 in good solenoid magnet
systems.
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Figure 7.21. A selection of simple molecules which have been used to demonstrate various quantum computation
and quantum information tasks with NMR. (a) Chloroform: two qubits, proton and carbon, have been used to
implement the Deutsch–Jozsa algorithm, and a two qubit quantum search. (b) Alanine: three qubits, composed of
the carbon backbone, have been used to demonstrate error-correction. Note how the three carbon nuclei have
distinguishable frequencies because their surrounding chemical environments are different (for example, the
electronegativity of the oxygen causes it to draw much of the nearby electrons away from the neighboring carbon).
(c) 2,3-dibromothiophene: two qubits, composed of the two protons, have been used to simulate four levels of a
truncated simple harmonic oscillator. Here, the two protons are at different distances from the sulphur atom, and
thus have distinguishable frequencies. (d) Trifluorobromoethylene: three qubits, the three fluorines, have been used
to demonstrate logical labeling and the creation of a (|000〉 + |111〉)/

√
2 superposition state. (e) Trichloroethylene:

three qubits, the proton and two carbons, were used to demonstrate teleportation, with the proton’s state being
teleported to the rightmost carbon. (f) Sodium formate: two qubits, proton and carbon, used to demonstrate the
two qubit quantum error detection code. In this molecule, the sodium radical is used to tune the T2 times of the
two qubits to be nearly equal, by changing the ambient temperature to modify its exchange rate with the solvent.

Despite these drawbacks, NMR provides a testbed for quantum algorithms and il-
lustrates basic techniques which other realizations will have to implement to perform
quantum computation. Some of the molecules which have been used to demonstrate
quantum computation and quantum information tasks are shown in Figure 7.21. The
NMR idea is also a very rich area for innovation, combining chemistry, physics, en-
gineering, and mathematics, and undoubtedly continued innovation between fields will
further this technique.
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Figure 7.16. Schematic diagram of an NMR apparatus.

field to be inhomogeneous and generated by a small coil, leading to imperfect control
of the nuclear system. Also, pulse timing, and stability of power, phase, and frequency
are important issues; however, unlike the ion traps, because of the lower frequencies,
good control of these parameters is more tractable. We shall return to imperfections in
Section 7.7.4, after understanding the basic mathematical description of the system and
the methodology for performing quantum information processing with NMR.

7.7.2 The Hamiltonian
The basic theory of NMR can be understood from an ideal model of one and two
spins, which we describe here. The first step is to describe how electromagnetic radiation
interacts with a single magnetic spin. We then consider the physical nature of couplings
between spins which arise in molecules. These tools enable us to model readout of the
magnetization which results from transformation of an initial state which is in thermal
equilibrium. Finally, we describe a phenomenological model of decoherence, and how its
T1 and T2 parameters can be experimentally determined.

Single spin dynamics
The magnetic interaction of a classical electromagnetic field with a two-state spin is
described by the Hamiltonian H = −!µ · !B, where !µ is the spin, and B = B0ẑ +
B1(x̂ cosωt+ ŷ sinωt) is a typical applied magnetic field. B0 is static and very large, and
B1 is usually time varying and several orders of magnitude smaller than B0 in strength,
so that perturbation theory is traditionally employed to study this system. However, the
Schrödinger equation for this system can be solved straightforwardly without perturbation
theory, using the Pauli matrix techniques of Chapter 2, in terms of which the Hamiltonian
can be written as

H =
ω0
2

Z + g(X cosωt + Y sinωt) , (7.127)

(a) (b)

I n  both cases, the coupling between two spins can be understood as a small additional 
magnetic field generated by spin A and acting on spin X, as well as i n  the opposite direction. 
We consider here on ly  the simplest case (which is most useful for NMR quantum computing), 
where the interaction can be written as 

The total Hamiltonian is then 
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Figure 10.11: Encrgy lcvcls and spectrum of a system of two spins-1/2, called A and X, rc- 
spectively. The dashed horimntal  lines indicate the energy levels o f  the Zeernan Harniltoniiin 
alone (no coupling), the solid lines the energies of the full Hamiltonian. 

Figure 10.1 1 shows the corresponding energy levels. The coupling shifts the states with 
parallel orientation of the two spins upwards (for a positive sign of the coupling constant d), 
the states with antiparallel orientation downwards. 

Transitions are possible between the states TT-T.]., TTti.[t, T.lttJ.j., .It-.lj.. The trsnsi- 
tion frequencies are 

w I Z  = W T T - T ~  = w,y - dh/2;  w1:) = WTT-]I z= wA - d h / 2 ;  ( 10.36) 

w24 WlLiLL : w.4 -$ d h / 2 ;  w?,l = WJT-Jj, w,v + d h / Z ;  
The spectrum consists of four lines, each of which is associatcd with a transition of onc spin 
and labeled by the state of the second spin. 

10.2.3 Pseudo / effective pure states 
Before NMR quantum computing waf demon\trated, all algorithmb for quantum computer\ 
assumed that quantum computers use individual quantum ay$tems, which are initially prepared 

(c)

Figure 1: (a) Examples of molecules used in Liquid NMR quantum computing. The
atoms in black are the ones onto which the nuclear qubits are encoded. (b) Schematic
of the setup used LNMR with the detection circuit (From Ref. [2]). (c) Energy level
of four spin configurations shifted due to their interaction and local environment (From
Ref. [1]).

Nuclei ∆ν/ν ∆ν (kHz)
1H 10 ppm 6

13C, 15N 200 ppm 30

The addressability in the register is ensured by tuning the radio-frequency on resonance
with a specific nucleus. Each molecule is thus a quantum register and the liquid is a
collection of typically 1020 of them.

Single-qubit gates. They are realized by applying a radio-frequency field tuned to the
frequency ωi of a given qubit. A magnetic field Bx(t) = B1 cos(ωt) implements, in the
rotating wave approximation, the Hamiltonian Ĥ = −µ̂ ·B = −gµNB1σ̂x, with gL the
Landé factor.

Readout of the qubit state. It relies on a phenomena called free induction decay.
The Bloch sphere picture does help here, see Fig. 2(a). Assume you want to measure the
state |0〉 = |↓〉. Apply a π/2-pulse around the x axis to prepare a superposition |0〉+ |1〉.
Following this pulse, the associated Bloch vector, proportional to the magnetic moment
of the qubit, is now in the equatorial plan and rotates around the z axis at the free fre-
quency ωi, and, due to dissipation, decays. A pickup coil, placed perpendicularly to the
y-axis, will measure a macroscopic signal corresponding to the rotation of the nuclear
spins in all the molecules of the liquid, of the form S(t) ∝ N〈σ̂y(t)〉 ∝ e−γt cos(ωit). If
you want to measure the state |1〉 = |↑〉, the same procedure will return −S(t), thus
allowing one to distinguish between the two qubit states. Examples of pulses obtained
to measure the state of two qubits are shown in Fig. 2(b).

Two-qubit gates. In the molecules, spins from nearby nuclei can interact. There
are two ways for them to do so. The direct magnetic dipole interaction ∝ µ2

N/R
3, but

usually it averages out to zero owing to the random orientations of the spins with respect
to each other. The second one involves an interaction mediated by the electrons of the
chemical bound between two atoms A and B, and it ressembles an Ising like interaction
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Figure 10.13: Readout o f  pupulations with the help ol' an RF pulse for thc two-qubit states. The 
vector diagram shows how thc spin is rotated by the RF pulse and the (single line) spectra show 
how the resulting amplitudes identify the qubit state. 

Figure 10. I3 shows as an example, the signal that one observes from a single qubit if it is 
in one of the two eigenstates before the RF pulse is applied. If it is in the ground state, which 
corresponds to the spin pointing along the direction of the magnetic field, the RF  pulse rotates 
it to the positivc ?/-axis. Since S ,  is the observable, we expect a positive signal at the Larmor 
frequency of this qubit. If the spin is in the logical 11) state instead, it always points in the 
opposite direction and thc signal becomes negative. 

There are cases in quantum computation, where the readout process hinges on the collapse 
of a wavcfunction. For those cases, which include Shor's algorithm, the algorithm must be 
modified when it is applied to an NMR system. The non-existence of a collapse is handled 
by appcnding an additional step, which is polynomial in the number of bits and allows one to  
obtain the result from enseniblc mcasurements [GC97, VSB+OI 1. 

10.2.7 Readout in multi-spin systems 

As thc number of qubits increases, the number of resonance lines in the associated NMK 
spectra also increases. While the addressability criterion mandates an increase in the number 
of lines that is proportional to the number of qubits, the couplings between the spins (which 
are necdcd for two-qubit gates) increase the number of lines much more rapidly. If all spins 
arc couplcd to each other, the total number of lines is 7 % ~  = N 2 N - ' ,  where N is the number 
of qubits. This exponential increase in the number of lines in a finite frequency bandwidth, 
limits the number of useful qubits. Figure 10.14 shows the number of resonance lines for N 
= 1 ,  2. and 3 qubits. 

While this large number of resonance lines limits the size of the qubit system, it does 
have the advantage that the spectrum contains much more information about the state of the 
quantum mechanical system than the simple readout of individual qubits. Every group of lines 

ociatcd with transitions of qubit i j )  can also yield information about the states of the other 
qubits. To illustrate this, we consider the two-qubit system of Section 10.2.2 and assume that 
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Figure 10.14: Increase in the number of resonance lines in N spin systems. 

we are interested in the readout of the states 

Figure 10.15 shows how these states can be distinguished by applying an RF pulse, rnea- 
suring the FID and calculating its Fourier transform. If we apply the pulse only to the A or 
X spin, we measure only a partial spectrum. Each partial spectrum consists of two resonance 
lines that can be labeled with the quantum state of the coupling partner. If the coupling part- 
ner X is in state lo), e.g., the spectrum of the A spin only shows the single resonance line 
associated with this state. Even the partial spectrum of either spin provides therefore a clear 
distinction between all four possible cases. It is also possible to apply an RF pulse that excites 
both spins simultaneously. The resulting nonselective spectrum, shown in the last column, 
again allows for a clear distinction between the four cases. 

p before pulse A Spectrum X Spectrum AX Spectrum 
(selective pulse) (selective pulse) (nonselecllve pulse) 

10> Il> 10> If> A X A X  

l o b  L L U  
101> 

Figure 10.15: Signals in  NMR readout for different spin states. 

This scheme can easily be extended to more spins; examples are given, e.g., in [CPH98]. 
In general, a spectrum of a weakly coupled N-spin system contains N2Np' resonance lines. 
Taking into account that the usual NMR experiments measure not only c, S&, but also c, S:, 
this number doubles to N 2 N .  The number of resonance lines is thus even larger than 2N, 

(a) (b)

Figure 2: (a) Principle of the detection of the qubit state by free induction decay. (b)
Schematic of the sequence of pulses obtained for the detection of four different 2-qubit
states by free induction decay (From Ref. [1]).

of the form:
Ĥ = AÎAz Î

B
z . (1)

This diagonal interaction combined to different local chemical environments leads to dif-
ferent shifts of each of the four two-spin states |↑, ↑〉 = |1, 1〉, |↑, ↓〉 = |1, 0〉, |↓, ↑〉 = |0, 1〉
and |↓, ↓〉, as represented in Fig. 1(c) . Applying a RF π-pulse tuned on the transition
|1, 1〉− |1, 0〉 then implements a CNOT gate. As the frequency shifts due to interactions
are usually less than 1 kHz, the gate duration is thus longer than 1 ms to avoid cross-
talks with nearby transitions.

Limitations of the NMR approach. Despite its early successes, NMR quantum
computing suffers from two main limitations. First, the qubit frequency in a magnetic
field of 10 T is only around 50 MHz. This means that in a cryostat operating at a
temperature around 1 K, the ration ~ω/(kBT ) ∼ 10−3. Thus, only a small fraction of
the qubits are useful as most of them will be in a thermal mixture of |0〉 and |1〉. This
reduces the signals. Second, the geometry of the molecules imposes the architecture
of the couplings between qubits, thus limiting the flexibility of the approach: for each
algorithm, one would have to design a specific molecule.

2 Quantum dots qubits [3]

The second approach encodes the qubits on the spin state of electrons trapped in struc-
tures called quantum dots. These structures are different from the ones we discuss for
the case of single photon sources. Here, individual electrons are trapped at the local
minima of the electric field produced by electrodes patterned on a semiconductor het-
erostructure, based for example on Silicium. This route looks promising as it benefits
from the technologies developed by the semi-conductor industry, and thus is potentially
highly scalable when the process is finally settled.

A typical geometry is represented in Fig. 3, with a schematic of the trapping po-
tential. The whole structure is placed in a magnetic field around B0 = 1 T, leading to
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Fig. 15.8 Quantum dot qubits in a semiconductor heterostructure. Left: Two quantum dot qubits
in top-gated potential wells. Voltages applied to the pads are used to define the confining potential.
Typical scale of devices is a dot separation of 100 nm. Right: When the barrier is high the electrons
are localized in individual wells. Adjusting the barrier height implements gates by modifying the
wavefunction overlap and exchange coupling

has orbital bound states akin to those found in an atom, so this structure can be
thought of as an artificial atom. Initialization, measurement, and gate operations are
implemented with a combination of DC and AC voltages and fields applied to the
device, as we proceed to discuss in more detail.

15.12 State Preparation and Measurement

Electrons are loaded into the top gated heterostructure by careful adjustment of gate
voltages until the desired states with single electron occupancy are attained. The
procedures to achieve this are delicate, but are now well established [29]. After
loading, electrons can be trapped essentially indefinitely, provided the apparatus is
well isolated from stray charges.

A static magnetic field is applied to define a quantization axis for the spins.
When the Zeeman energy is large compared to kBT the electron will eventually
relax to the lower energy spin down state. A 2.8GHz qubit frequency corresponds
to T = 135mK so dilution refrigerators at mK temperatures are required, in part
for initialization, but also to ensure long coherence times in the solid state host. One
way to evade the low temperature requirement is to work at large field strengths.
Qubit operation at a high field strength near 1.4 T corresponding to a qubit frequency
↔40GHz has been demonstrated in a 1.5K cryostat [30].

Relaxation to the lowest energy spin state proceeds at a rate determined by local
fields and scattering from material imperfections. The time for this to occur may
be inconveniently long in which case initialization can be accelerated by active
coupling to interface states that cause enhanced spin-orbit coupling and faster
relaxation.

Measurement of the spin state of a single electron can be performed using spin
dependent tunneling. The basic idea is to use the difference in Zeeman energy of

Figure 3: Quantum dot qubits in a semiconductor heterostructure. Left: Two quantum
dot qubits in top-gated potential wells. Voltages applied to the pads define the confining
potential. Typical scale of devices is a dot separation of 100 nm. Right: trapping
potential seen by the electrons, with the barrier which can be adjusted using the voltages
applied on the electrodes (From Ref. [3]).

a qubit frequency around 2.8 GHz. Once again, it has to operate at a cryogenic tem-
perature to avoid thermal excitation of the qubit. The measurement of the qubit states
rely on spin dependent tunneling: The height of the barrier between two nearby wells
is larger than the energy separation between the qubits. The electron in state |1〉 can
thus tunnel more easily towards, for example, a quantum point contact where it induces
a current that can be measured. On the contrary, the tunneling is highly suppressed
for electrons in |0〉. Thus the qubit state is mapped on the detection of a current or its
absence.

Single qubit gates. A microwave field tuned to the transition frequency 2µBB0/h
induces Rabi oscillations, allowing for single-qubit gates. Demonstrations of fidelities
above 99% have been achieved recently [4].

Two-qubit gates. Two electrons interact by either their magnetic moment or by the
exchange interaction resulting from their electrostatic repulsion e2/r12 combined to the
Pauli principle. The magnetic interaction is usually completely negligible, and thus only
the exchange interaction plays a role. It has the form of a Heisenberg Hamiltonian:

Ĥ = ~J(t) Ŝ1 · Ŝ2 , (2)

with the coupling constant J(t) that can be controlled by shaping the trapping potential
with voltages applied to the electrodes. This interaction between two electrons leads to
a unitary evolution under the operator

ÛSWAP = exp

[
−i
∫ t

0

J(t′)dt′ Ŝ1 · Ŝ2

]
=


1 0 0 0
0 0 1 0
0 1 0 1
0 0 0 1


|00〉,|01〉,|10〉,|11〉

. (3)

when choosing appropriately the functional form of J(t).
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Exercise 1. Show how to obtain the matrix from the operator in Eq. (3).

Exercise 2. (Hard) Show how the electrostatic repulsion e2/(4πε0r12) combined
to the Pauli principle leads to the Hamiltonian (2). Hint: Consider both the external
degrees of freedom of each electron in spatial wavefunctions uL,R(ri) in the left or right
well, and their total spin S = 0, 1. Construct properly anti-symmetrized spin dependent
wavefunctions, and calculate the average repulsion energy in each of them.

Today, up to 6 electronic spin qubits have been controlled [5]. People are also using
a different qubit encoding, where each qubit consists of 2 electrons in either a singlet or
a triplet spin state, and reach entangling gate fidelities around 75% [6].
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